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I Introduction

The nature of many-body chaos in fully deleveloped turbulence is perhaps one
of the most celebrated question in last few decades. Turbulent flows stand
out from other instances of classical many-body systems exhibiting chaotic be-
haviour because they are ubiquitous in the natural world. Thus, it should
come as no surprise that physicists working on problems in oceanography, at-
mospheric sciences, astrophysics, and fluid dynamics must take into account
the fundamentally chaotic character of such flows [1]. This prevalence is not
unexpected, as the fundamental Navier-Stokes equation in all of these systems
leads to turbulent solutions in the limit of small viscosities [2].

While mathematical and engineering tools remain indispensable, the ideas
of statistical physics provide the basis for much of our understanding of turbu-
lence, especially in its most general form where the flow is homogeneous and
isotropic. In particular, chaos along with the other fingerprint of fully devel-
oped turbulence, namely intermittency, and their dependence inter alia the
Reynolds number Re, forms a major challenge in a complete understanding of
turbulence [2]. Thus, this continues to be a fundamental problem in the ar-
eas of statistical physics of non-equilibrium, driven-dissipative systems and for
many the holy grail in fully developed turbulence.

Butterfly effect is a signature of many-body chaos in dynamical systems. As
alluded in the following poem describing the cascade of events, butterfly effect
is characterised by the amplification of microscopic fluctuation leading to large

scale structure formation.

“For want of a nail, the shoe was lost.
For want of a shoe, the horse was lost.

For want of a horse, the rider was lost.
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For want of a rider, the battle was lost.

For want of a battle, the kingdom was lost!” [3]

In characterising chaos in classical dynamical systems, the idea of butterfly
effect is very crucial. The enhancement of the initial perturbation helps in
quantifying the extent of chaos by estimating what we call as the Lyapunov
exponent. In general the Lyapunov exponent is estimated by taking two nearby
trajectories in the phase space and measuring how they start separating out
with time. If the initial perturbation is dxy and at time t is the separation is

0x(t), then the Lyapunov exponent () is measured as:
6(t)] ~ eM|o| (1)

If the value of X is positive then the perturbation grows exponentially leading
to chaotic behaviour. The more positive the value of A is the more the system
is chaotic.

In fully developed turbulence the first characterization of chaos was done by
Ruelle [4] following dimensional arguments and the Kolmogorov’s seminal work
from 1941 [5]. Ruelle showed that the largest Lyapunov exponents A\ ~ Re%?
by relating it to the inverse of the eddy-turnover time 7, related to the smallest

length scale of the problem.

1
~ S 2)
772/3 1/1/2 7-77

A= lim—In
t—0 ¢

01h(t)
01)(0)

where 0 is the disturbance, € is the average energy dissipation, v is the kine-

‘ ~Y

matic viscosity and 7 is the Kolmogorov dissipation length scale. Here we used

the fact that the Kolmogorov dissipation length scales as n ~ (v°/€)!/4.

The validity of the Ruelle’s calculations relies on the existence of a unique



scaling law (monofractal limit) and unique small length and time scale as al-
luded in the Kolmogorov picture of turbulence. However, experimental, numer-
ical and observational evidence against this is ubiquitous. A modern realisation
of turbulence as descibed by Frisch and Parisi [6] relies on a multifractal ap-
proach. This leads to correction to the Reynolds dependence of the Lyapunov
exponent. From the Kolmogorov theory one predicts that the dissipation length

n scales as L/Re3/*

with L as the integral length scale. Using this form of n we
thus get A ~ Re'/?/Ty. In the multifractal picture, for an eddy of size (= r/L)

if h is the Holder exponent of the velocity difference (du;) such that:
oup = |u(z + 1) — u(z)] ~ upl”

The integral scale Reynold’s number is defined as Re ~ Lug /v ~ L'*" /v leading
to the following relation: v ~ L'™"/Re. In the dissipation scale, u,n(~ n'*") ~
v. Therefore, by combining these two cases we have: 1 ~ LRe™V/(1+h) Since,
the Lyapunov exponent scales as A ~ 1/7, ~ u,/n ~ n"~1 ~ Re®, it can thus

be written as:
1—h

“T1tn

(3)

In the Kolmogorov picture of turbulence h = 1/3 is uniquely defined. Plug-
ging this in Eq 3, one gets back the result predicted by Ruelle, A ~ v/Re.

Vulpiani et al. [7] exploited this multifractal correction for the exponent «
using the random beta model for turbulence [8]. They calculated o = 0.459
which is less than what Ruelle has argued following the Kolmogorov model for
turbulence. In an analogous study for a model of turbulence namely the shell
0.459

model, they have shown that the largest Lyapunov exponent scales as Re

Early characterisation of Lyapunov exponent and the Lyapunov spectra was
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carried out by Yamada and Ohkitani [9] in the shell models for turbulence.
They have further highlighted that the largest Lyapunov exponent scales as
v~1/2. Following their footsteps, Vulpiani et al [7] showed that the average
value of the largest Lyapunov scales as \; ~ Re%*. However, for a model of
turbulence, such method of averaging is questionable [10, 11] and essentially
does not account for the effect of intermittency properly. In recent years, Ho
et al [12] claimed using direct numerical simulations that o = 0.53.

The lack of a coherent picture between the theoretical estimate and mea-
surements — as well as the lack of agreement between different simulations |7,
12, 9, 13-17] — suggests that the origins of chaos in turbulence is far from
settled.

We take a different path. In recent years, the generalisation of the out-of-
time-order commutator (OTOC) of quantum many-body systems to classical
many-body systems opened up new directions towards understanding a few
fundamental aspects of statistical physics, namely ergodicity and thermaliza-
tion [18]. This analogous version of OTOC namely the decorrelators [18] are
extensively studied in clssical spin chains [19, 20] opening a different route.
Recently, this idea has been extended for theremalised flows [21], especially in
Galerkin truncated Euler and one dimensional Burger equation. In such sys-
tems, it has been seen theoretically and numerically that the Lyapunov expo-
nent characterising the decorrelator growth scales with temperature as A ~ /7.
Despite the similarity in temperature scaling, there is a contrasting difference
between such systems. While the local nature of the spin systems preserves a
clear surface of growth, incompressible thermalised flows due to non-local na-
ture lacks a pilot wave for perturbation spread. This non-locality also plays a

crucial role in the Navier-Stokes equation. However, it is to be noted that the
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driven-dissipative nature of such systems makes these fundamentally different
from the thermalised flows.

Thus, an extension of the idea of the decorrelators appears as a suitable and
interesting candidate towards understanding the nature of many-body chaos in
fully developed turbulence. I study this problem in two different cases. I start
with a model of turbulence (easy to tract numerically) to set the stage for the
direct numerical simulation of the Navier-Stokes equation (the end part of the

work).

12



II Shell model of turbulence

“Big whirls have little whirls
that feed on their velocity,

And little whirls have lesser whirls

and so on to viscosity.” [22]

We will start our discussion with a cascade model of turbulence namely the
shell model. For the Navier-Stokes equation in three dimensions, the resolu-
tion for numerical simulation largely depends on the Raynold’s number of the
system. Typically, in the mean field Kolmogorov picture of turbulence [5], the

—3/4 Thus for three dimensional Navier

viscous dissipation scale 7 scales as Re
Stokes equation with changing Re one should be careful of the numerical reso-
lution of the system, which should in principle scale as 1/n3 ~ Re”/* [23]. Need
for such a large resolution makes numerical simulations for large Re very diffi-
cult. Therefore, a simpler yet phenomenologically similar model of turbulence
emerged which we now call as the shell model for turbulence.

The earlier works on shells models by reducing the number of degrees of
freedom date back to the 1970’s [24-26]. The idea was to divide the wave
numbers into concentric shells such that for nth shell the radius is k, =
koA, [23] with A(> 1) as the shell parameter. In this way the nth shell contains
(4k3 /3)A3" (X — 1). This essentially reduces the number of degrees of freedom
by a large margin. The triadic interaction due to nonlinearity and the pressure
terms are adjusted by introducing a dummy non-linear term G,, [23]. Indeed,
the full Navier-Stokes equation in three dimensional periodic grid is simplified
as —

d 2
(E + V]{Zn) = Gplu,u] + f (4)
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But fully developed turbulence possesses a rich phenomenological structure.
How a toy model can really mimic such a system? The central theme of this
section is to highlight some of the key aspects of the shell model and what
makes it a ideal model for fully developed turbulence. One of the major aspect
of using the shell model is that it is dimensionally consistent with the spectral
Navier-Stokes equation. If the nonlinear term is tweaked optimally it mimics
the cascade structure of fully developed turbulence.

Furthermore, over time the shell model depicts the effect of intermittency
nicely. Over time the energy dissipation rate shows a strong intermittent be-
havior, a fundamental feature of fully developed turbulence.

On the other hand, as the velocities in each shells are coarse grained and
shrunk into a one dimentional shell-space, it does not account any effect of
geometry and therefore, these models are irrelevant in understanding structures

in different scales in turbulent flows.

II.1 The early days

The shell model for turbulence started off its journey with Obukhov’s work [27]
from the perspective of atmospheric sciences. However, the structural similarity
and the identical energy cascade embraced the seed to the onset of the shell
models. He proposed a set of first order nonlinear ordinary differential equations
with discrete wave numbers k,,. The equation for shell numbers n is written in
the following way:

du,,

ﬁ = Up-1Up—1Up — anui+1 - Vun6n>N + f5n,1 (5)

The first two terms in the right hand side of the equation are the non-linear

terms. The third term or the dissipative term acts at large shell numbers
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(> N). The last term is a forcing term relevant in the smallest wave number.
Phenomenologically, this equation has large scale energy injection (small shell
number) and small scale dissipation (large shell number) and it is quite close
to the Navier-Stokes equation. In the inviscid limit that is if f = v = 0,
the equation ensures that the total energy Fior = Y. u?/2 remains constant.
By multiplying u, to equation 5 in the inviscid and unforced limit, and then

summing over all indices, one gets the relevant energy conservation:

dE
— = Z A Uy — Z apunti’,, =0 (6)

n

However, the major problem with this model is that it does not satisfy Liou-
ville’s theorem in inviscid and unforced limit [28]. It is trivial to show that this
indeed true. If y = (y1,y2, ...) are the generalised co-ordinates for a dynamical
system (applicable to systems that follows Hamiltonian equation), the Liou-
ville’s theorem ensures that the flow in phase space is incompressible (in the
phase space co-ordinate) that is dy;/0y; = 0 [28, 29]. However, the Obukhov
equation does not satisfy the criterion for Liouville’s theorem. It is to be noted
that for the Navier-Stokes equation if we plug in v = f = 0, it satisfies the
criterion for Liouville’s theorem.

A modified equation was proposed by Gledzer [26] which ensures that the
phase space flow is incompressible.

du,,

E — Anun+1un+2 + Bnun—lun—i—l + Cnun—2un—l — Vnun5n>nd + fn (7)

with a boundary condition u_; = uy = uny+1 = uyso = 0.
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I1.2 GOY shell model

A more recent version of the Gledzer shell model, frequently known as the
GOY model (named after Gledzer, Okhitani and Yamada [26, 30]) is defined

over shells k, = kgA\" with complex shell velocities u,, as —

d € e—1
(E + yk%) Uy = —Lkn(un+1un+2—Xun—lun+1+Tun—2un—2)*—Vki+fn (8)

where A is the shell spacing and € is derived from the relevant conservation laws.
But how do we come from generic prefactors A,, B, and C), to equation 87 For
the systematic development of equation 8, we need to exploit the symmetry of
the Navier Stokes equation. The Navier-Stokes equation remain invariant under
the transformation (¢, k,u(k),v) — (¢!, ¢ 'k, P u(¢ k), ¢1H) where D
is the dimensionality of the system. Does a similar conservation law holds
for equation 7?7 We first consider A, = a,k,, B, = b,k,, and C,, = ¢,k, in
equation 7.

Let us now check the validity of scaling law by plugging an analogous scaling
form: (¢, kn,u,) — (<1, ky, s"u,,) where k,, = k,/< leading to a rescaled
nonlinear term ﬁnmon_hn = km(anUmi1Umro + bpm1Um—1 + Cplm—oUp—1). If the
system is invariant under such a scaling the rescaled non-linear term should
match the original form. Hence, a, = @, b, = b and ¢, = ¢ are independent of
n.

For the no-force inviscid case, the energy should remain constant. Multiply-

ing u» and putting the E,, condition one obtains:

~ *
E kn (aunun+1un+2 + by 1 Uy U1 + CunQUnlun) =0

n
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Therefore, by plugging in the boundary condition one obtains:
k(@ + Ao+ A26) =0

Let us assume @ = a, bA = b and ¢\ = . Using these new set of variables the
previous condition can thus be written as — a + b+ ¢ = 0. We typically write
a=1,b= —¢, and ¢ = (e — 1) where the value of € is determined from the
conserved quantities. This leads to the form of equation 8. In three dimensions,
the typical choice is € = 1/2 and A = 2.

There are different versions of the shell model (e.g. Sabra shell model).
However, in this work, all my results are centered around the GOY model.
To study the relevance of the GOY model and understand its characteristic
similarity with the Navier-Stokes equation, I present numerical simulation of

shell model in the next part of this thesis.

I1.3 Numerical Simulations

The relevance of the shell model unfolds through the numerical simulations of
the model. In equation 8 we unfold the general structure of the GOY model
where we have contributions from the next and next-to-neaxt nearest neigh-
bours. The shell variable u,, is defined on each shell and is a complex variable.
The shell parameter A = 2 so that the spectral modes are defined as k,, = ky2".
As described above, such a choice lead to the constraint that e = 0.5. Ini-
tially we define u, (t = 0) with random phase and a modulus |u, | = cexp(—k,).
Given the initial condition we evolve the system following equation 8 with a
fourth order Runge-Kutta scheme. The details of the numerical schemes are
discussed later in Appendix.

The force is applied to the first shell with an amplitude 0.16,2. We choose

17
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Figure 1: (a) In the left panel the evolution of the total energy as a function of time is shown.
The system reaches a steady state near ¢ = 200. The total energy remains roughly the same
which indicates that on an average the energy injection by large scale forcing is balanced by
the effect of dissipation. The red dashed line is the average value total energy. (b) In the right
panel, the energy spectra E, = |u,|*/k, is shown. For the GOY shell model the energy scales

as B, ~ kn"'>. A reference line (dashed) is added to illustrate the scaling. In the inset, the
rate of energy dissipation is plotted against time. The intermittent dissipation rate highlights
a behavioural similarity between the shell model and the Navier-Stokes equation.

v =2 x 1077 and total number of shells N = 22. Additionally, the boundary
condition is imposed in the following way: u_1 = ug = uy1 = un,2 = 0.

In the left panel of Fig 1, I have shown how the system reaches the steady
state as the total energy roughly reaches a plateau. In the steady state the shell-
wise energy also shows a Richardson like cascade with a Kolmogorov like &, 5/3
scaling. Fully developed turbulence shows this k=% scaling of energy cascade.
An analogous result in the shell model highlights the importance and structural
similarity of the shell model to the full Navier-Stokes equation. In the right
panel of Fig 1, we illustrate the numerically obtained energy spectra for the
shell model and show that it scales as k,, 53 Tn the inset, the energy dissipation
rate is shown over a large period of time, the intermittent nature of the energy
dissipation rate . ky|u,|* highlights the phenomenological similarity of the

shell model to the Navier-Stokes equation.
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III Many-body chaos in shell models

Let us begin our study of many-body chaos for fully developed turbulence with
the simple case of the shell model which is easy to tract numerically. The
phenomenological energy cascade and the intermittent energy scaling makes it

an ideal starting point to explore the decorrelator problem in turbulent flows.

III.1 Decorrelator results

As discussed in the last section, in the Gledzer-Ohkitani-Yamada (GOY) model |26,
30], the velocities u,, associated with a scalar, exponentially growing, wave-
number k, = k2", are treated as complex, dynamical variables, with the shells
numbers being integers 1 < n < N.

In the statistically steady state, let the velocity field be denoted as u’. We

now construct a second field u = u2vn # n, and ugp = (1+¢)u? . Our choice

p.

101 { — Re=2.6x 108 Re = 3.5 x 107 (a) 1010 { —e— ¢ =10~ t=10" ()
—— Re=14x10° Re = 1.6 x 107 —4— t=10"7 % t=10"
-1 Re = 7.6 x 107 Re = 8.7 x 100 t=10"" t=10'

1079_

0 10t 102 108 10t 10°
kﬂ

0.0

Figure 2: (a) In the left panel, semilog plot of the shell model decorrelator ®“°Y vs t for

different Re showing an exponential growth is illustrated. (Inset) Loglog plot of the shell-
specific decorrelator ¢,, for different shells (the arrow indicates the direction n = 1 to n = 16
shells) at very early times shows a power-law growth. (b) In the right panel, the evolution of
On Vs ky is shown for the GOY shell model, on a loglog scale at different times. Initially the
decorrelator spreads from the perturbation shell to the other shell. In long time limit it shows
an asymptotic scaling corresponding to kj, 2% indicated by the dashed line.
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of n, = 16 ensures that the tiny perturbation (with ¢y = 1073) are always
added at wavenumbers just before the onset of the dissipation scales for all the
Reynolds number being considered. (These results are robust to the specific
choice of n, or variations in ¢.)

I now use the nearly-identical fields u2 and u" as initial conditions and
evolve the GOY shell model independently for systems A and B and hence
construct the shell model decorrelator ¢, () = (Ju’ —u2|?/2) The (-) denote an
ensemble averaging over independent realisations of the initial field . While
it is straightforward to write the evolution equation for ¢, (discussed later), we
will find this is neither revealing nor analytically tractable. Instead, it is useful
to work with the numerically constructed ¢, and assess its behaviour from our
simulations.

Given the local nature of interactions in the shell model[23], it is reasonable
to expect that decorrelators such as ¢, may well have a self-similar short time
growth followed by an eventual exponential rise with a saturation as t — oo.
In the inset of Fig. 2 a loglog plot of the temporal evolution of ¢,(~ t9) is
shown for a small initial time window 0 < ¢ < 0.5 with a clear power-law range
for n < n,. This power-law eventually (¢ 2 0.1) gives way to the exponential-
growth phase of decorrelators. The Lyapunov exponent characterising such
shell-by-shell decorrelators ¢, are of course n-dependent. In the left panel of
Fig 3, I have shown the dependence of the power of exponents g, and the
shell-wise Lyapunov exponent \,, over shell number n.

Hence we find it useful to construct the n-independent Lyapunov exponent
AGOY via the integrated decorrelator ®GOY = Zf[ ¢n. In the main panel of
Fig. 2 we show a semilog plot of the temporal evolution of ®%°Y for differ-

ent values of Re showing, yet again, a clear exponential growth, with a shell
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Figure 3: (a) The dependence of the power-law exponents g, and the shell-wise Lyapunov
exponents A\, over shell number n. Near the perturbation shell number the power-law growths
are almost identical for different Re. (b) In the right plot, the dashed line indicates the overall
Lyapunov exponents estimated from the summed-decorrelator. Far away from the perturbation
shell number, the exponential growth is valid over a very small time window and it is hard to
obtain a trustable exponent.

model Lyapunov exponent A%°Y followed by a saturation to values roughly
corresponding to 2FE,, with Fj the statistically steady state energy in our shell

model.

I11.2 Numerical schemes for decorrelator in shell models

The Gledzer-Ohkitani-Yamada or the GOY shell model for three dimensional

turbulence

d 1 1

*
- Un = Lkn[un+2un+1 — ZUp+1Un—1 — _un—lun—Z]
dt 4 8

— kabun + fa 9)

is one of several cascade models which mimic Navier-Stokes turbulence and are
designed to achieve very high Reynolds number. In such models, the velocities
u,, (with boundary conditions u_y = ug = uyy1 = uy+o = 0) associated with a

scalar, exponentially growing, wave-number k, = k¢2", are complex, dynamical
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variables. The shell numbers range from 1 < n < N; in our simulations we
choose N = 22 and the coefficient of viscosity varies as 2x 1077 < v < 64x 1077
yielding Reynolds numbers in the range 8.7 x 10° < Re < 2.6 x 10%; the shell
model, Reynolds number is simply defined as Re = |uyys|/kov. The equation
is integrated numerically by using a fourth-order Runge-Kutta scheme with a
time step 6t = 2 x 107° The constant amplitude forcing f = 0.1, applied on
the n = 2 shell and drives the system to a statistically steady state.

We first obtain a non-equilibrium statistically steady state with an energy
spectrum E(k,) = |un|?/kn ~ kn 5/3 (as shown in the last section) over an in-
ertial range of shells whose extent is determined by Re. We use this steady

state velocity field to define the initial field for system A — uﬁ’o and construct

the initial condition for system B via uf’ o= (1+ 60)5n,npuﬁ’0. In all our sim-
ulations we have used €y = 0.001 and n, = 16. Numerically it has been seen
that the shell wise decorrelators first show an power-law rise later followed by
the exponential-growthregime. The initial power law largely depends on the

distance from the perturbed shell. Therefore, we add the perturbation in a

fixed shell n, = 16 for all values of Re.

II1.3 Analytical expression

It is possible to construct an evolution equation for the decorrelator in our shell
model but, as we shall see, its structure is not transparent and it is intuitively
difficult to understand.

By subtracting the GOY model equations for systems A and B we obtain
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B A

the evolution of the shell-by-shell velocity difference ou,, = u, — u;:
d A A
Eéu" = 1k [(OUny2uy, g + Uy 90Unt1 + OUpi20Us 1)

— %((Mn“uﬁ_l Ul 10Uy 1 Gy 10Uy )
(=1

2
— vk2Su,. (10)

(Otp—oul | + Sty yuls o + Stp_o6t,_1)]*

From this by suitably multiplying with the complex conjugate field du*, the

decorrelator obeys

%¢n = %[(anuﬁﬂéun U 90U 10Uy, + Sty 20Uy 1 Uy, )
— %(5un+15unu£1 U Oy 10Uy A Oy 16U, Oty 1)
+ (¢ ;2 D (Otp—ou 0y + U2 58Uy 10Uy, + Stpy_20ty_10uy )]
+ c.c. — 20k, (11)

A summation over all shells leads to simplifications in the evolution of the GOY

model decorrelator ®GOY

d oy L A
%Cb =3 Z k€0t 10U 42
+ (1- e)6un5un+1uﬁ+2 — uﬁéunﬂduwg]*

+ oce—2w) ki, (12)

Further progress is only possible through a numerical solution of the decor-

relator equation as I have already mentioned earlier.
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IV Many-body chaos in the Navier-Stokes equation

We first take the three-dimensional, Navier-Stokes equation for an incompress-
ible, unit-density fluid, driven by an external force to a non-equilibrium sta-
tistically steady state (NESS). The force f varies to ensure a constant energy
injection [31] Z = (f - u) = (), where the mean energy dissipation rate (e)
is the time “~~ and space (- - -) average of the spatio-temporally fluctuating
dissipation €(x,t) characteristic of such non-equilibrium steady states of fully
developed turbulence with a statistically steady velocity field ugeaqy. This
follows from the familiar, instantaneous (spatially-averaged) kinetic energy F
dE _

balance: %= = —(e) + Z with a mean kinetic energy Ey = E.

We now construct two, nearly identical, velocity fields ut = Ugteady and
uo® = up® + Jug, where the form of Jug ensures that system B remains incom-
pressible. We choose the amplitude of perturbation ¢, sufficiently small and
localise it in space at x(; the precise choice of X is irrelevant and can be chosen
to be the center of our domain.

We choose these fields — ug® and ue® — as initial conditions at ¢t = 0 for the
Navier-Stokes equation, evolve them independently in time, and calculate the
velocity difference du(x,t) = uP(x,t) — u?(x,t) for t > 0. From such velocity
differences, we are able to construct the decorrelator ¢(x,t) = £|du(x, t)[* [21].
It is easy to show, starting from the Navier-Stokes equation written separately

for systems A and B, that the decorrelator follows an evolution (written in

component form and sum over repeated indices assumed)

%ﬂ?t) = @WZ — (51623”(51&] + VéuiVQ(Su,' (13)

with the strain-rate tensor S;; = %(&-uf + 9;0ul),
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Wi = uP ¢ + 0udjy, [ Px'G(x,x')[uf oy + ujdu; + dujou]’, where G(x,x') is
the Green’s function obtained from the Poisson equation for pressure, and v
the coefficient of kinematic viscosity.

A further simplification exploits the statistical isotropy and homogeneity
of fully developed turbulence to construct, over the volume V), the spatially
integrated decorrelator ®(t) = %} [ dx¢(x,t) = (¢). This leads to a simple can-
cellation of the divergence term in Eq. (13) and a resulting evolution equation
for the integrated decorrelator:

4o

Cb—%zﬁg—l—ﬁn, (14)

where Bs = —(du-S - du) and B, = v(du - V?ju) as the contributions from
the strain and dissipative terms, respectively (The derivation of equation (13)
is explicitly explained later). There is one additional remark to make. In the
derivations of Egs. (13)-(14) we have neglected the forcing terms on systems A
and B. This is perfectly valid at short times but in the long time ¢ — oo limit
it plays a critical role as we shall see below.

At short times we conjecture an exponential growth of the decorrelator:
®/® = \. We confirm this numerically by integrating Eq. (14) with an initial
perturbation field du and measurements of the strain-rate tensor S drawn from
direct numerical simulations (DNSs) of the Navier-Stokes equation (Appendix
A)

In the left panel of Fig. 4 we show a representative plot of (ID/ ® vs time
for Re = 178.5 displaying a clear plateau A demarcated by a pair of vertical
dashed lines. While this is not very surprising, given that turbulence is chaotic,
it is far from obvious how to trace its origins in the structure of Eq. (14)

and in particular how the competing effects of the strain and viscous terms
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Figure 4: (a) Representative plots of the normalised spatially averaged decorrelator ®/®, Bg/®
and f3,/® vs time for Re = 178.5. The pair of vertical dashed lines indicate the short-time
exponential-growth phase. (b) In the right panel, the probability density function of the n?
direction cosines of u (at short times) is shown. It shows a preferential growth of the difference
field along the compressional i = 3 direction.

conspire to give such exponential-growth phases. In Fig. 4 we plot 35 and 3,
(compensated by ®) and find strong evidence of their short-time exponential
growth — the plateau between the vertical dashed lines — corresponding to
Lyapunov exponents As(= fs/®) and \,(= f3,/®), respectively. Furthermore,
the dissipative effect of the viscous term \, ~ O(1/7,) < 0 is compensated by
the effect of the strain term \g > |\,], leading to an overall positive Lyapunov
exponent A = s + 5\77.

How do we understand the origins of Mg which leads to a compensation of
the negative 5\77 and hence a positive A7 In particular, how does the strain
field S ensure the exponential amplification of du at short times and thence
® ~ eM? The answer lies in decomposing the strain term in the eigenbasis
of the strain tensor (du - S - du) = 3122 (A2v,|dul?), with #; direction cosines
of u (along the eigendirections) and ~; the eigenvalues. Clearly the dominant

contribution in this expansion must come from the compressional eigendirection

(0u - S - du) =~ (Ay3|6ul?) and hence \g ~ —v3 ~ O(1/7,) > 0. We confirm
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this preferential stretching along the compressional direction by calculating the
probability distribution functions of the three eigendirections n;. The relative
distributions for the extensional (i = 1; ;3 > 0), intermediate (i = 2; v, ~ 0)
and compressional directions (i = 3; 73 < 0), seen in the right panel of Fig. 4,
underlines this bias.

In the long time limit, B¢ — 0, all eigenvalues are sampled equally Fig 6
leading to (Ju-S-du) oc 32/=% ~; = 0 because of incompressibility. We see from
Fig. 4 that this is indeed the case as the compensated (s term rapidly falls to
0 for t = 25.

Does the viscous term 3, also go to zero similarly at late times leading to
® = 0?7 At such late times it is easy to show that (Derived later) 8, — —2{e).
Indeed, in Fig. 4 we do see a clear saturation of the normalised viscous term
to a value consistent with —2(e) ~ 1.6 (corresponding to the simulations from
which the rate of strain matrix is drawn).

A trivial consequence of this is that within the framework of Eq. (14)
P = —2@ (clearly seen in Fig. 4) and suggesting that the decorrelator never
saturates. However this is a contradiction: By definition, the decorrelator is
defined as the spatial average of the velocity difference of systems A and B,
and hence at long times ® — 2Fj since the cross-correlator (ua - ug) vanishes
as the fields decorrelate as ¢t — oo.

This contradiction is resolved by recalling that the derivation of Eq. (14)
neglects the effective energy injection. While at short times, this is zero, at
long times this contribution is no longer irrelevant. In fact it can be shown
(derived later) that (6f - 6u) = 2(e) as t — oo and thus compensates the

viscous contribution —2(¢) leading to ® = 0.

How consistent are these ideas in actual measurements of the decorrelator
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Figure 5: (a) Semilog plots of ® vs ¢ from DNSs for different Re showing an exponential regime
followed by saturation at a value 2E, (dashed horizontal line). The insets show a 2D slice
(Z = 7) at (left) early and (right) late times of the square of the difference field [fu|? for Re =
178.5. In the right (b) we have the probability distribution of 3 which shows both peak and
the spread of the distribution scales with Re

in DNSs of the Navier-Stokes equation? We check for this by solving the in-
compressible Navier-Stokes equation on a 27 triply-periodic domain by using
a pseudospectral method with a large-scale constant energy Z = @ [31] injec-
tion scheme to drive the flow and maintain it in non equilibrium statistically
steady state with a mean energy FEj; see Appendix A for a detailed summary
of the numerical scheme and the parameters used. By using the same protocol
described earlier, we calculate the decorrelator ® for several different values
of the Reynolds number Re. In Fig. 5 we show representative snapshots of
the two-dimensional slice (over the XY plane; Z = 7) at early (left inset) and
late (right inset) times, corresponding to exponential-growth and decorrelated
phases, respectively.

These difference fields allow us to construct the spatially averaged decor-
relator ® which we plot, on a semilog scale, in the main panel of Fig. 5 as a
function of time. We see a convincing exponential regime from which we can

extract the Lyapunov exponent A\PN5. followed by a saturation at a value ap-

proximately equal to 2Ey, indicated by the dashed horizontal line, as our theory
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suggests. (We have confirmed from our data that the onset of the saturation
of the decorrelators (see Figs. 4 and 5) is of the order of the inverse of the
Lyapunov exponent.)

It is important to observe that even at very short times, before the expo-
nential growth phase, our results from the Navier-Stokes equation summarised
in Fig. 5 do not suggest an initial power-law growth which has been seen in
many local models of chaotic systems[23, 28]. Could this — as well as the
somewhat self-similar evolution of the difference field (see Fig. 5, insets) — be

a consequence of the essential non-local nature of the equation?
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V  Decorrelator from the Navier-Stokes equation and its
limits

In this section, we provide the derivation of the equation of motion of the
decorrelator for the Navier-Stokes equation.
We begin by recalling that the pressure term in the Navier-Stokes equation

can be rewritten as a Poisson equation
V2P — —@-ui@iuj (15)

by exploiting the incompressibility constraint. This Poisson equation underlines
the non-local nature of turbulence. It is useful, in what follows, to have a

Green’s function representation —
P(x) = —/dXG(X, x') [0jui0u;) (16)

where the / denotes quantities are at x'.

We use this representation of the pressure field to construct the evolution

equation of the velocity perturbation du = u? — u?

pralls —5uj@ju? — U?ajéui
— 0 (/ dxG (x, x') [OF (uj} Sug + Sujupy + 5Uj5“k)]/>
+ vV20u; + Suid f; (17)

by subtracting the Navier-Stokes equation written for systems A and B from

each other and keeping in mind that du is solenoidal. A further dot product
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between Eq 17 and du leads to

% = —6uiSij5uj — @VVZ + uéu,'VQ(Sui + (SUZ(SfZ (18)

where S;; = $(9juf* + @-u?) is the strain-rate tensor and
Wi = ulo + du; [ dxG(x, X’)[@fk(uﬁéuk + Sujuls + dujduy,))
A spatial integration with ® = [ dx¢ now leads to the cancellation of the

divergence term and hence

the evolution equation for our spatially integrated decorrelator as discussed in
the last chapter.

At early times, before systems A and B decorrelate completely, the forcing
terms are more or less identical for both systems and hence in this exponential
growthphase (du;0 f;) = 0. At long times, beyond this exponential-growth phase
when the systems have started to completely decorrelate this is not longer valid.

Thus as t — oo, we estimate (du;0 f;) = (uP f5) + (uff;‘l) — <(u§flA+u;4fiB)> —

2(e). As we shall see below, this exactly compensates the contribution of the
viscous term 3, at long times.

The viscous term can be expanded as

677 = V<5u1V25uz> = —u(8j5ui6j5ui>
= —4vTr(S?) + 21/(81-14?82-1&}3) = 2(¢) + 2V<3Z‘UJA6@'U?>. (20)

We find at short times, in the exponential-growth phase this terms scales as

B, = O(1/1,), where 7, = /% corresponds to the smallest Kolmogorov time
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Figure 6: (a) Plots of 3,, at late times, for different Reynolds numbers, showing a saturation to

—2(€) (black dotted, horizontal line). (b) A plot of the probability distribution of components
of du (for Re = 358.2), for the Navier-Stokes equation, along the three eigen vectors of the
strain rate tensor at late times once the decorrelator saturates.

scales. However, at long times ¢t — oo, systems A and B decorrelate leading to
(Ojuf0;uP) — 0 and hence 3, ~ —2(e) (see Fig. 6(a) as well as the main text).
This is easily understandable because on average dissipation is balanced by the
energy injection derived above.

We now turn to the strain term [g. At short times, as we have seen in
the main text, this has a contribution which compensates, with the pertur-
bation field aligning along the compressional eigenvector, the negative contri-
bution of f, leading to an overall exponential growth of the decorrelator in
the exponential-growth phase However, this preferential alignment disappears,
as t — 00, since the perturbed velocity field samples all the eigenvalues with
equal probability and hence, because of the incompressibility condition, the
strain rate Sg — 0 as discussed in the main text. In Fig. 6(b) we show how, as
t — oo and systems A and B decorrelate, the equal sampling of the 3 eignedi-
rections of the strain-rate tensor in contrast to its preferential alignment at
times corresponding to the exponential-growth regime.Typically the decorrela-

tors saturates over a time-scale ~ O(A71).
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VI Conclusions

We can now summarise all of these ideas in answering the question of how
consistent are the various (largest) Lyapunov exponent — X, APNS and \GOY
— with each other given the different ways and indeed the different models
from which they are derived? In Fig. 7 we show a composite plot of A\, APN>
and A\9OY as well as |73, versus the Reynolds number Re. For measurements
from the DNSs and the GOY shell model simulations, we estimate the Lyapunov
exponents from a linear fit in the exponential-growth phase of the decorrelators
(as shown in Figs. 5 and 2); the errors on such fits yield the errorbars on \PN®
and A\S9Y. We find our errorbars smaller than the symbols sizes in Fig. 7. The
errorbars for the exponent 3 are extracted likewise and are of the same order
as those on APNS and A\G9Y. The exponent A is obtained differently. We use

plots of @ /®, such as the one shown in Fig. 4, to extract A and its errorbar as

Re(GOY)

10! . @) , 10-2{ () 3
A —(y W AT ~VRe 10
O A oopooy /‘,/”/ 10! 1 <1071
,,,,, ‘ ¢ 10~
A 7 {0 X
£ e £1078] N o
aaaa Re!5? /”i” ~ \\\\x ¢ ('] ’
A o /(-) & e On
Y 108 . O
e S q[]qﬂ
- AT ey
-k 1 e [
L0 ’,/ 100 10~10 « Ay >0 \\m\ e
o)\ <0 TS
n ~
102 102 103
Re(DNS) Ay

Figure 7: (a) A loglog plot of A, A\PN5_ 45td and —(v3), obtained from various DNSs versus the
Reynolds number Re (DNS) (bottom X axis), as well as the Lyapunov exponent obtain from
the shell model A\“OY (rescaled by a constant factor to overlap with the DNS data since the
Reynolds number ranges are different) with the corresponding shell model Reynolds numbers
Re(GOY) (top X axis). (b) A loglog plot of the probability density function P for A, showing
a power-law |\,|~* tail. (Inset) the exponential tail of the probability distribution P of \g is
plotted.
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the mean and standard deviation of the plateau, respectively.

We find remarkable consistency (within error bars) between the different
measurements of the Lyapunov exponents and indeed across the different mod-
els, as well as the range of Reynolds number between the DNSs (bottom axis)
and shell models (top axis), that we use. All the Lypanov exponents seem to
follow a universal scaling: APN> = \GOY = )\ ~ Re®, with o = 0.59 % 0.04.

The theory developed earlier suggests a connection between the Lyapunov
exponent and the compressional eigenvalue ~3. Given the departure from of the
measured Lyapunov exponents (Fig. 7) from a Kolmogorov-like mean field ex-
ponent of 0.5, it is reasonable to conjecture that this deviation stems from the
intermittent fluctuations which characterise fully developed turbulence. The
corollary to this is that the standard deviation 75 of 43, reflecting such fluc-
tuations, out to scale with the Reynolds number with the same exponent «a as
do the Lyapunov exponents. In Fig. 7 we show a plot of fygtd from our DNSs
and find a near perfect agreement with the Lyapunov exponent. Furthermore,
we confirm that the mean eigenvalue -(73) ~ v/Re (Fig. 7) consistent with the
simpler scaling analysis not accounting for fluctuations.

In this work we have shown how recent ideas of decorrelators [19, 20, 18, 32,
21] provide a microscopic way to understand the origins of chaos in fully devel-
oped turbulence. Remarkably, these ideas are just as robust for simpler, cas-
cade models of turbulence where locality [23] ensures an initial scale-invariant
growth of the decorrelator. Remarkably, are able to factor in the intermittent
fluctuations of the velocity-gradient tensor to show how the standard deviation
of 3 leads to a = 0.59 £ 0.04 0.5. We find signatures of these fluctuations in
one further aspect of the strain and viscous terms in Eq. (14) which connects

with the idea of intermittency. The theory developed by us involve the mean
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exponents: A\g and A, (and hence \) are obtained from the spatial integrals over
the corresponding terms. However, it is possible to measure the local exponents
As(x) = % and \,)(x) = % (whose mean values are indeed Ag and
Ap) in the exponential-growth phase and thence their probability distribution
functions P. These distribution are found to have exponential (for Ag(x)) or
power-law (for A,(x); see inset of Fig. 7) tails strongly suggestive of intermit-
tency and its connections with the question of chaos in turbulence. We do not
explore these ideas, and in particular the origins of the power-law tails, any

further in this work as well as its implications for Lagrangian chaos [13, 33],

but leave it for a more detailed study of the statistics of 85 and 3, in the future.
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VII Appendix

VII.1 Direct Numerical Simulation of the N.S. equation

We perform direct numerical simulations (DNSs), by using a pseudospectral
method, of the three-dimensional (3D), incompressible, unit density Navier

Stokes equation, with the pressure field P

g—?Jru-Vu:VV%—VPJrf. (21)

on a periodic box of size L = 27 with N3 collocation points. We choose
N = 256 and N = 512 (to check for numerical convergence) and vary the
coefficient viscosity 2 x 1073 < v < 32 x 1073 to obtain Reynolds numbers
99 < Re < 693. We use a second-order Adams-Bashforth for time-marching
with a time step 6t = 5 x 107* (for N = 256) and 6t = 4 x 10~* (for N = 512).

We initialise the flow with a random initial condition such that the initial
energy spectrum spectrum FE(k) = Aok? exp(—k?/2k3) with Ay = ky = 1. The
system is driven to a non-equilibrium steady state (NESS) through a large-
scale forcing with a constant energy injection at large scales corresponding to
wavenumber 1 < ke < 2.

This statistically steady velocity field u is taken as the initial field for system
A: up® = u and further define the initial condition for system B via ug® =
up® + dug. We use a Gaussian perturbation dug(x) = eexp (—(z — 2¢)%/202)%
with € = 107, 09 = 4dx and zy = (7,7, 7) at the center of the domain.
Although initially this field is not divergence free but as we integrate the Navier-

Stokes equation using the pseudo-spectral scheme, in time t = dt, the projection

operator projects this as a solenoidal field.
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The nearly identical fields up® and ug® are then used as initial conditions
for the Navier-Stokes equation and evolved as before. The decorrelator is calcu-
lated from the evolution of such twin simulations as ¢(x,t) = [u® —u®|?/2 and
thence ®(t) = [ dx¢(x,t)/V. The decorrelators are then used to estimate the
Lyapunov exponents (obtained by fitting the initial exponential growth phase)

and its dependence on the Reynolds number.

VII.2 Numerical Integration Schemes

Next I will briefly describe the numerical schemes that I have used. For the
shell model, I have primarily used the fourth order Runge-Kutta method. If we
start with a general equation y = f(y, t) with an initial condition y(t = 0) = yj,

then the time marching is done using the following scheme —

]{31 = 0t X f(yt,t)

k )
]{32 = 5t><f(yt+§1,t+§)
ko )
ka = Ot —.t+ =
ky = 0t X f(ye + ks, t +9) (22)

1
Yerst = Y+ é(lﬁ + 2ko + 2k3 + ky)

where 0t is the discrete time step. The numerical scheme mentioned above is
a fourth order method and hence the typical local truncation error is O(5t°)
which essentially allows us a better accuracy.

For the Direct Numerical Simulation of the Navier-Stokes equation I how-
ever, used a second order Adam-Bashforth scheme. In the following, I will

briefly try to explain the numerical scheme for such a system. Suppose, we
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have an differential equation of the form —

dy
%——0494‘10(?5)

Therefore, we can write —

dy
- — f(t
= o ray=f(t)
d
yeat 4 ayeat — f(t)eat
dt
f—

y(t + 5t)ea(t+5t) _ y(t)eat

t+6t
/ dse™ f(s)
t

Similarly, we can obtain (in a backward sense) —

t—5t
y(t — 6t)e* =0 — y(t)e™ = / dse® f(s)
t

Therefore, substracting the last two equation from each other we obtain the
following relation —

t-+6t
y(t + 0t) = y(t — ot)e 2> + /

dse—a(t+5t—s)f(s) (23>
t—ot

By suitably approximating f(s) as % f(t) —% (t—0t) (second order) one obtains

the Adam-Bashforth numerical integration scheme.

. e—2a5t
y(t + 0t) = y(t — ot)e 2% 4 IT <gf(t) — %f(t + 575)) (24)

A similar method can also be used for integrating the shell model equation.

However, given the numerical simplicity of such a model it is practically possible

to easily implement higher order methods (RK4).
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